In previous studies, the topological invariants of 1D non-Hermitian systems have been defined in open boundary condition (OBC) to satisfy the bulk-boundary correspondence. The extreme sensitivity of bulk energy spectra to boundary conditions has been attributed to the breakdown of the conventional bulk-boundary correspondence based on the topological invariants defined under periodic boundary condition (PBC). Here we propose non-Hermitian many-body polarization as a topological invariant for 1D non-Hermitian systems defined in PBC, which satisfies the bulk-boundary correspondence. Employing many-body methodology in the non-Hermitian Su-Schrieffer-Heeger model for fermions, we show the absence of non-Hermitian skin effect due to the Pauli exclusion principle and demonstrate the bulk-boundary correspondence using the invariant defined under PBC. Moreover, we show that the bulk topological invariant is quantized in the presence of chiral or generalized inversion symmetry. Our study suggests the existence of generalized crystalline symmetries in non-Hermitian systems, which give quantized topological invariants that capture the symmetry-protected topology of non-Hermitian systems.
In previous studies, the topological invariants of 1D non-Hermitian systems have been defined in open boundary condition (OBC) to satisfy the bulk-boundary correspondence. The extreme sensitivity of bulk energy spectra to boundary conditions has been attributed to the breakdown of the conventional bulk-boundary correspondence based on the topological invariants defined under periodic boundary condition (PBC). Here we propose non-Hermitian many-body polarization as a topological invariant for 1D non-Hermitian systems defined in PBC, which satisfies the bulk-boundary correspondence. Employing many-body methodology in the non-Hermitian Su-Schrieffer-Heeger model for fermions, we show the absence of non-Hermitian skin effect due to the Pauli exclusion principle and demonstrate the bulk-boundary correspondence using the invariant defined under PBC. Moreover, we show that the bulk topological invariant is quantized in the presence of chiral or generalized inversion symmetry. Our study suggests the existence of generalized crystalline symmetries in non-Hermitian systems, which give quantized topological invariants that capture the symmetry-protected topology of non-Hermitian systems.
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Introduction.-Recent progress in the study of non-Hermitian systems, such as open systems, dissipative systems with gain and loss, and also interacting solid-state systems , has uncovered various intriguing physical phenomena that do not exist in Hermitian systems. For instance, the characteristic complex energy spectra of non-Hermitian systems are theoretically predicted to host exceptional surfaces or bulk Fermi-arcs [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] , which are later realized in experiments [54, 55] . Nowadays, there are growing research activities to extend the idea of topological Bloch theory developed in Hermitian systems to non-Hermitian Hamiltonians [56] [57] [58] [59] [60] [61] [62] [63] [64] .
One central issue in the study of topological phenomena in non-Hermitian systems is to understand the bulk-boundary correspondence (BBC). In Hermitian systems, it is wellestablished that the bulk topological invariants defined by Bloch wave functions in periodic boundary condition (PBC) predict robust boundary states in systems under open boundary condition (OBC) [65] [66] [67] . Contrary to this, in non-Hermitian systems, the bulk energy spectra exhibit extreme sensitivity to boundary conditions [68, 69] . For instance, in recent studies of the non-Hermitian Su-Schrieffer-Heeger (SSH) model, it was shown that the bulk eigenstates, which are extended under PBC, are exponentially localized on one-side of the finite-size system with OBC [57, 70] . This phenomenon is named the non-Hermitian skin effect in Ref. 70 , which has been extensively discussed recently [70] [71] [72] [73] [74] [75] [76] [77] . Since the energy spectra under PBC and OBC differ so drastically, there has been even a common belief that the bulk invariant defined under PBC has intrinsic limitations in explaining BBC of non-Hermitian systems in general. To circumvent this problem, several interesting theoretical ideas are proposed under OBC, such as generalized Bloch theory [56] [57] [58] [59] , transfer matrix approach [60] , and entanglement spectrum analysis [61] . Lack of proper topological invariants defined under PBC that satisfy BBC gives the impression that the BBC of non-Hermitian systems belongs to a rather special category which is distinct from that of Hermitian systems. However, is it really true that the BBC of non-Hermitian topological systems evades the theoretical framework developed to understand the topological phases in Hermitian systems?
Here we address this important question focusing on 1D fermionic non-Hermitian systems. For the non-Hermitian SSH model describing spinless fermions, we show that the non-Hermitian skin effect, observed in a single-particle approach, does not appear in the many-body approach due to the Pauli exclusion principle. We also have found that, at half-filling, topologically trivial and non-trivial phases cannot be distinguished by the charge density distribution in systems with OBC. On the other hand, when one extra electron or hole is added, the additional charge is exponentially localized near the edges when the system is topologically non-trivial, whereas it spreads over the entire system when the system is topologically trivial.
Moreover, we have identified a bulk topological invariant defined under PBC: the non-Hermitian many-body polarization, which correctly describes the BBC and gives the same bulk critical points for topological phase transitions as those predicted under OBC [70] . Similar to the case of Hermitian systems, we find that the many-body polarization defined under PBC is quantized in the presence of chiral or generalized inversion symmetry. This clearly shows that, in non-Hermitian systems, one can define bulk topological invariants under PBC, which are quantized due to generalized crystalline symmetries and correctly predict the associated boundary states, as in the case of conventional fermionic Hermitian systems. Finally, we propose the non-Hermitian version of the edge entanglement entropy that can be used to detect the edge degeneracy in 1D non-Hermitian systems.
Model.-The non-Hermitian Su-Schrieffer-Heeger (SSH) model HamiltonianĤ SSH is composed of two parts as The dotted box denotes the unit cell. t1 (t2) indicates the intracell (intercell) hopping while γ denotes the asymmetric hopping term that makes the system to be non-Hermitian. (b) Distribution of the particle density |ΨRR| 2 from single-particle wave functions (square dots) and many-body wave functions (star-shaped dots) obtained by solving a finite-size chain with 14 sites under OBC. We choose the model parameters t1 = 2, t2 = 1, γ = 0.3 which correspond to a trivial insulator. To obtain |ΨRR(i)| 2 from single-particle wave functions, the contributions from all states below the gap are added. Almost all wave functions are exponentially localized, which gives exponential localization of the accumulated particle density at the right edge, manifesting the non-Hermitian skin effect. On the other hand, the particle density |ΨRR| 2 from many-body wave function is almost uniform with small oscillation. Due to the Pauli exclusion principle, non-Hermitian skin effect is absent when many-body wave functions are used.
whereĉ i (ĉ † i ) denotes the electron annihilation (creation) operator at the i-th site.Ĥ 0 indicates the Hermitian SSH Hamiltonian with the intracell (intercell) hopping amplitude t 1 = J +∆J (t 2 = J −∆J) whileĤ NH denotes the non-Hermitian part describing asymmetric hopping processes. [See Fig. 1 
(a).]
Diagonalizing the HamiltonianĤ SSH under OBC and using the corresponding single-particle eigenvector |ψ , one can obtain the particle density at the i-th site |ψ(i)| 2 ≡ ψ|ĉ † iĉ i |ψ . At half-filling, the particle density at a site is given by adding the contribution from all the single-particle wave functions below the Fermi level, which is plotted in Fig. 1 (b) with square dots. One can clearly observe the exponential localization of the particle density that arises from the exponential localization of almost all bulk wave functions on the right edge, manifesting the non-Hermitian skin effect. However, when many-body formalism is considered, this accumulation obviously violates the Pauli exclusion principle, which should be corrected to obtain physically meaningful results.
To take into account of Fermi statistics, we take the manybody approach using Fock basis states. For a system with L lattice sites filled with N electrons, the number of allowed Fock basis states is given by L N . For example, a 4-site system filled with 2 electrons has 6 Fock basis states: |1100 , |1010 , |1001 , |0110 , |0101 , |0011 where 0 and 1 indicate the number of electron at each site. The Hamiltonian acts on Fock bases as follows:ĉ † 3ĉ 2 |1100 = |1010 ,ĉ † 3ĉ 2 |0110 = 0, and so on. Since a single-particle Hamiltonian is of the formĤ
The resulting Hamiltonian H F in Fock space representation is diagonalized using the exact diagonalization method.
We plot the particle density distribution using the manybody ground state wave function |Ψ in Fig. 1 (b) with starshaped dots, in which one can observe only mild slanting of particle densities instead of the exponential localization [78] . According to Ref. [60] , the existence of non-Hermitian skin effect is the necessary and sufficient conditions for the breakdown of BBC under PBC. The absence of non-Hermitian skin effect in fermionic systems prompts a need to reconfirm the validity of conventional BBC when many-body formalism is used.
Biorthogonal formulation.-To describe the topological property of the many-body wave functions, we adopt the formulation of biorthogonal quantum mechanics. In general, a diagonalizable non-Hermitian matrix H can have different left and right eigenvectors |Ψ L , |Ψ R that satisfy [53] H|Ψ R,n = E n |Ψ R,n , H † |Ψ L,n = E * n |Ψ L,n . (3) The sets of eigenvectors can be chosen to satisfy the biorthonormality condition Ψ L,n |Ψ R,m = δ nm . In this paper, we focus on the Hamiltonian matrices with biorthogonality.
The biorthogonal bases naturally construct the identity operator as1 = n |Ψ R,n Ψ L,n |. An observableÔ of a non-Hermitian system can therefore be written asÔ = n,m |Ψ R,m Ψ L,m |Ô|Ψ R,n Ψ L,n |. Thus, the expectation value of the observable in a pure right state |Ψ R = n C n |Ψ R,n is expressed as
where |Ψ L = n C n |Ψ L,n , such that Ψ L |Ψ R = n C * n C n = 1. The corresponding particle density at the site i is given by |Ψ LR (i)| 2 ≡ Ψ L |ĉ † iĉ i |Ψ R . Let us note that |Ψ LR (i)| 2 is different from the conventional particle density Topological zero-modes.-One of the most prominent characteristics of the SSH model that distinguishes the topologically trivial and non-trivial phases is the existence of zeromodes at the edge. To confirm the existence of the zeromodes in the non-Hermitian SSH model, |Ψ LR (i)| 2 is computed by using the ground state many-body wave function {|Ψ L,g , |Ψ R,g } for a SSH chain with OBC as shown in Fig. 2 . At half-filling, it is found that the distribution of |Ψ LR (i)| 2 is uniform in both trivial and topological phases. However, when one electron or hole is added, the extra charge is localized at the edges in topological phases. In contrast, in trivial phases, the extra charge is spread over the entire system. It is found that the localized edge modes are always present (absent) when |t 1 | < |t 2 | (|t 1 | > |t 2 |) [78] . Moreover, when |t 1 | < |t 2 |, the ground state energy does not change when one electron is added or subtracted. This means that the states localized at the edges are indeed zero-energy edge modes. When |t 2 | < |t 1 |, on the other hand, adding (subtracting) an electron increases (decreases) the energy as much as the energy gap. This clearly shows that when |t 1 | < |t 2 |, the system is topological with localized zero-modes whereas the system is trivial without zero modes when |t 2 | < |t 1 |. Namely, the topological phase transition between the trivial and topological insulators occurs at |t 2 | = |t 1 |. The location of the bulk critical point is the same as that from the generalized Brillouin zone approach under OBC [70] .
Open boundary condition
Let us compare the position of bulk critical points obtained by many-body and single-particle approaches. Naive application of the Bloch theory in PBC predicts the closing of bulk gaps at |t 2 | = |t 1 ± 2γ|, which is not consistent with the critical point where the zero-modes appear or disappear [79] . Such a discrepancy occurs because the energy eigenvalues obtained in PBC are not real, but generally complex, which indicates that the corresponding states are unstable. On the other hand, when OBC is considered, the correct bulk critical point can be obtained [68] [69] [70] 80] . In fact, the entire energy spectrum of our model is real in OBC when |γ| < |t 1 |, |t 2 | [78]. In general, non-Hermitian systems with real energy eigenvalues can exhibit stable physical phenomena other than gain or loss. Interestingly, in many-body approach, it turns out that the many-body ground state energy of H F in PBC is real and thus physically stable when |γ| < |t 1 |, |t 2 |. The existence of the stable ground state with the real and smallest energy is supported by the pseudo-Hermiticity of the Hamiltonian and confirmed by numerical calculations [78] . The distribution of the particle density of the system in PBC is shown in Fig. 3(a) obtained by using the many-body ground state.
Non-Hermitian polarization.-In Hermitian systems, the many-body bulk polarization is a well-defined 1D topological invariant, whose definition under PBC is given by [81] 
where |Ψ G is the many-body ground state and N is the number of unit-cells. HereX denotes the summation of position operators for all atoms. P is quantized in the presence of either inversion or chiral symmetry. The HamiltonianĤ invariant under the chiralŜ or inversionÎ symmetry satisfieŝ [82] . In terms of the corresponding matrix representation S and I, the invariance of the Hamiltonian matrix H becomes
I −1 HI = H.
Under inversion symmetry, the polarization satisfies P ≡ −P mod 1, so that it is quantized into either 0 or 1/2 mod 1. Also, chiral symmetry imposes P occ = P unocc with P occ + P unocc = 0 mod 1, which lead to the polarization quantization: P occ = 0 or 1/2 mod 1. Here P occ (P unocc ) denotes the polarization of occupied (unoccupied) states. We extend the idea of the many-body bulk polarization, which has been used in Hermitian systems only, to non-Hermitian systems by defining the non-Hermitian many-body bulk polarization P LR as
where |Ψ G R (|Ψ G L ) is the right (left) many-body ground state. Here, we introduce chiral and generalized inversion symmetries for non-Hermitian systems, which quantize P LR , as fol-lowsŜĤŜ
In terms of the corresponding matrix representation, we have
It is worth noting that the non-Hermitian SSH modelĤ SSH has both chiral and generalized inversion symmetry which have the same operator and matrix forms as in Hermitian case. One can also check the existence of these symmetries in Fock space representation as well [78] . Under generalized inversion symmetry, P LR ≡ −P LR mod 1, and thus P LR is quantized into 0 or 1/2. Likewise, under chiral symmetry, P LR occ = P LR unocc results in the quantization of P LR occ with the condition P LR occ + P LR unocc = 0 mod 1 [78] . Therefore in the presence of either chiral or generalized inversion symmetry, the non-Hermitian many-body polarization is quantized into either 0 or 1/2.
As shown in Fig. 3 (b) , in the non-Hermitian SSH model, P LR defined under PBC is 1/2 when |t 1 | < |t 2 | whereas it is 0 when |t 1 | > |t 2 |. The phase transition occurs at the critical point |t 1 | = |t 2 |, which is consistent with the numerical study of the zero-modes discussed before. In fact, one can understand the reason why the critical point is located at |t 1 | = |t 2 | in the following way. Switching the role of t 1 and t 2 is equivalent to translating the system by a half lattice constant. Then ith site moves to the (i + 1)th site. Thus, P LR with t 1 = α, t 2 = β is different by 1/2 from P LR with t 1 = β, t 2 = α [78] . The location of the critical point agrees with the numerical and analytical results obtained under OBC [78] indicating that BBC is satisfied when P LR defined under PBC is considered.
Edge entanglement entropy.-Another way to determine the topological property of many-body systems is to calculate the edge entanglement entropy S 2,edge , which is known to be useful in detecting the edge degeneracy [65, [83] [84] [85] . In particular, when there are two zero-modes localized at the edges of a 1D topological isulator, S 2,edge is quantized to ln 2 [83] .
To define the entanglement entropy, let us consider a system that is divided into two subsystems A and B. In Hermitian . We use the model parameters t1 = 2, t2 = 1, γ = 0.3 that corresponds to a trivial insulator. Similar to the distribution in OBC, |ΨLR| 2 is uniform whereas |ΨRR| 2 has a saw-tooth shape. (b) Non-Hermitian many-body polarization P LR as a function of t1 with t2 = 1, γ = 0.3. When |t1| < |t2| (|t1| > |t2|), P LR = 1/2 (P LR = 0). The critical point |t1| = |t2| is consistent with the numerical study of the zero-modes and also previous studies under OBC. Thus, the bulk-boundary correspondence (BBC) can be successfully described by using P LR . The black dotted vertical lines indicate the locations of gap-closing points obtained by Bloch Hamiltonian, which cannot explain the BBC. systems, the Rényi entropy S α is defined as
where ρ A is the reduced density matrix for the subsystem A. Let us note that in α → 1 limit, the entropy becomes identical to von Neumann entropy S 1 = −Trρ ln ρ. Similar to the way of defining non-Hermitian many-body polarization, we introduce Rényi entropy S α for non-Hermitian systems as
where ρ RL = |Ψ R Ψ L |. The edge entanglement entropy S LR 2,edge is defined as
where S LR 2,OBC (S LR 2,PBC ) is calculated under OBC (PBC). Since the entanglement entropy follows the area law, the bulk entanglement entropy of S LR 2,PBC is about twice larger than that of S LR 2,OBC . Thus, 1 2 S LR 2,PBC is subtracted to cancel out the bulk entanglement entropy, and what remains in S LR 2,edge is the entanglement entropy between two edge states in OBC. As shown in Fig. 4(a) , S LR 2,edge is ln2 for a topological phase and 0 for a trivial phase. Meanwhile, if we utilize the conventional entanglement entropy S 2,edge = S 2,OBC − 1 2 S 2,PBC , the entropy plummets as the asymmetric hopping amplitude increases [See Fig. 4(b) ]. Thus, the topological propertiy of the non-Hermitian system cannot be correctly captured unless we use the biorthogonal formalism. Conclusion.-We have introduced a bulk topological invariant for periodic 1D non-Hermitian systems: the non-Hermitian many-body polarization P LR . Also, the non-Hermitian edge entanglement entropy S LR 2,edge is introduced to measure edge degeneracy. These quantities are generalized from their conventional definitions using the idea of biorthogonal quantum mechanics. Considering these two quantities, we have studied the non-Hermitian SSH model for spinless fermions, a canonical model describing 1D non-Hermitian systems, and shown that the bulk boundary correspond is satisfied. Adopting the many-body methodology, we have demonstrated the absence of non-Hermitian skin effect due to the Pauli exclusion principle. Moreover, the non-Hermitian many-body polarization is shown to be quantized in the presence of chiral or generalized inversion symmetry. The quantization of the non-Hermitian many-body polarization under the generalized inversion symmetry clearly shows that the interplay between the crystalline symmetries and non-Hermitian topology can give rise to symmetry-protected topological phases even in non-Hermitian systems. We believe that this discovery will open a new avenue to search topological non-Hermitian systems protected by crystalline symmetries. Finally, since the topological invariant is defined by using many-body formulation, our work can be easily extended to interacting non-Hermitian systems as well.
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CHARGE DISTRIBUTION IN BIORTHOGONAL FORMALISM
Here we present charge density distributions in biorthogonal formalism with single-particle and many-body approaches, which are considerably different from that of Hermitian formalism shown in Fig. 1(b) . In general, a diagonalizable non-Hermitian matrix H can have different left and right eigenvectors |Ψ L , |Ψ R that satisfy [53] H|Ψ R,n = E n |Ψ R,n , H † |Ψ L,n = E * n |Ψ L,n .
(S1)
The sets of eigenvectors can be chosen to satisfy the biorthonormality condition Ψ L,n |Ψ R,m = δ nm . The biorthogonal basis naturally constructs the identity op-erator1 = n |Ψ R,n Ψ L,n |, where the expectation value of the observable in a pure right state |Ψ R is expressed as Ô = Ψ L |Ô|Ψ R The corresponding wavefunction density Fig. S1 shows the |Ψ LR | 2 distributions of single-and many-body states under OBC. Unlike Fig. 1(b) , both charge distributions are uniform, which reveal the naturality of biorthogonal formalism.
ABSENCE OF NON-HERMITIAN SKIN EFFECT
If we define wavefunction density as |Ψ RR (i)| 2 ≡ Ψ R |ĉ † iĉ i |Ψ R / Ψ R |Ψ R , the single-particle wavefunctions are localized at the edges exponentially. However, in manybody methodology, which allows at most 1 electron per site, the exponentially occupied states are not allowed due to the Pauli exclusion principle. Fig. S2 describes the many-body |Ψ RR | 2 distribution for topological and trivial phases at halffilling. For topological phase, |Ψ RR | 2 is accumulated at one corner and depleted at the other corner. Adding (subtracting) an electron, the density is accumulated (subtracted) at the edge, which shows the existence of the topological edgemodes. For trivial phase, |Ψ RR | 2 is almost uniform with small Open boundary condition FIG. S1: (Color Online) |ΨLR| 2 distributions of a single-particle state and a many-body state for a trivial phase (t1 = 2, t2 = 1, γ = 0.3) with 14 sites under open-boundary condition (OBC). Singleparticle |ΨLR| 2 are added for occupied states to satisfy the halffilling. The distribution of |Ψ 2 LR | is uniform in both many-body state and added single-particle states.
oscillation. Adding (subtracting) an electron, the density is accumulated(subtracted) throughout the bulk, showing the absence of topological edge-modes.
ENERGY SPECTRUM AND TOPOLOGICAL PHASE UNDER OBC
We prove that the entire energy spectrum of our model is real in OBC when |γ| < |t 1 |, |t 2 |. Without loss of generality, let us assume t 1 , t 2 > 0. For later convenience, we define parameters α ≡ |t 1 + γ|/|t 1 − γ|, β ≡ α × |t 2 + γ|/|t 2 − γ|, and a diagonal matrix R ≡ diag(1, α, β, αβ, . . . , β n , αβ n , . . . ). One can easily check that
Notice that H is a Hamiltonian for Hermitian SSH model with intra(inter)-cellular hopping t 2 1 − γ 2 ( t 2 2 − γ 2 ). This shows that the system is topological when t 1 < t 2 and trivial when t 1 > t 2 .
When HamiltonianĤ is transcribed into Fock space, we denote the Hamiltonian matrix in Fock basis as H F . Since H is Hermitian, the transcribed matrix in Fock basis H F is also Hermitian. Interpreting H as an operatorĤ = 
isfies the necessary and sufficient condition for H F to have a real energy eigenvalues [50] [51] [52] .
VALIDATION OF PERIODIC BOUNDARY CONDITION
By using many-body Hamiltonian matrix H F , the manybody ground state energy in PBC is real and thus physically stable. Here we define ground state |Ψ G R whose real part of the energy eigenvalue is the smallest. This can be explained by the following argument. It is known that non-Hermitian matrix is pseudo-Hemitian if it satisfies
(S5)
In our system, inversion symmetryÎ : c i → c L+1−i safisfies the relation IH F I −1 = H F † . Thus, the many-body Hamiltonian is pseudo-Hermitian. In general, a pseudo-Hermitian matrix has real eigenvalues or complex conjugate pairs [50] . Thus, the uniqueness of the ground state is necessary and sufficient condition for the ground state energy eigenvalue to be real. The pseudo-Hermiticity energy spectrum and the existence of the ground state are confirmed by the numerical calculations when |γ| < |t 1 |, |t 2 |. The reality of many-body ground-state energy can also be explained roughly by the single-particle non-Hermitian system with PBC. If we assume Bloch theorem for the Hamiltonian, the k-space Hamiltonian is represented as follows:
The Hamiltonian has eigenvalue relation E(k) = E * (−k).
Since energy eigenvalues are real or complex conjugate pairs with opposite momentum, the total energy of the ground state is always real if we add all energy eigenvalues below the Fermi energy. Meanwhile, if there is an excitation so that a valence hole and conduction electron are created, the total energy of an excited state is complex in general.
QUANTIZATION OF MANY-BODY POLARIZATION
We have defined generalized polarization for non-Hermitian systems as:
Im ln Ψ G L |e i 2π NX |Ψ G R mod 1, (S7)
where |Ψ G R (|Ψ G L ) is right (left) ground state. The polarization is quantized due to eitherÎorŜ.
Under inversion symmetry, IXI −1 = −X and I|Ψ G R = |Ψ G L since IHI −1 I|Ψ G R = EI|Ψ G R = H † I|Ψ G R . Thus, 
which means that P LR occ = P LR unocc . By choosing appropriate unit-cell center such that P LR occ + P LR unocc = 0 mod 1, we have quantization of P LR occ .
CRITICAL POINT UNDER PBC
Here we prove why the many-body polarization changes at t 1 = t 2 under PBC. The many-body polarization is defined as
Im ln Ψ G L |e i 2π NX |Ψ G R mod 1, (S10)
where N is the number of unit-cells. Within each unit-cell, there are two sublattice atomic positions: x 1 and x 2 . Let us denote the positions of sublattice sites as −0.5 ≤ x 1 ≤ x 2 ≤ 0.5, where the unit-cell center is located at x = 0 and the length of the unit-cell is 1. Since the system should respect the symmetries of the Hamiltonian, x 1 + x 2 = 0. Let us first consider the particular case for x 2 − x 1 = 0.5. In this case, reversing the role of t 1 and t 2 is equivalent to translating the system by a half lattice constant. Then ith site moves to the (i + 1)-th site. Thus, the position operator be-comesX →X + N/2 mod N since N electrons are translated by half of the lattice constant. Thus, P LR of system with t 1 = α, t 2 = β is different by 1/2 mod 1 from P LR with t 2 = α, t 1 = β.
If x 2 − x 1 = 0.5, on the other hand, reversing the role of t 1 and t 2 is not equivalent to translating the system by half of the lattice constant. However, when N goes to infinity, the position operatorX asymptotically becomesX + N/2 mod N when t 1 and t 2 are reversed. Since we have defined the polarization in N → ∞ limit, the invariant is unchanged with arbitrary sublattice position choice that respects the symmetries.
